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Abstract. This paper investigates the well posedness of ordinary differ- 
ential equations and more precisely the existence (or uniqueness) of a flow- 
through explicit compactness estimates. Instead of assuming a bounded di- 
vergence condition on the vector field, a compressibility condition on the flow 
(bounded jacobian) is considered. The main result provides existence under 
the condition that the vector field belongs to BV in dimension 2 and SBV 
in higher dimensions. 



1 Introduction 

This article studies the existence (and secondary uniqueness) of a flow for 
the equation 

dtX{t,x) = b{X{t,x)), X{0,x)=x. (1.1) 

The most direct way to establish the existence of such of flow is of course 
through a simple approximation procedure. That means taking a regularized 
sequence 6„ — j- b, which enables to solve 

dtX^t, x) = bn{X{t, x)), X„(0, x) = X, (1.2) 

by the usual Cauchy-Lipschitz Theorem. To pass to the limit in fll.2p and 
obtain f ll.ip . it is enough to have compactness in some strong sense (in Lj^^ 
for instance) for the sequence X„. Obviously some conditions are needed. 
First note that we are interested in flows, which means that we are looking 
for solutions X which are invertible : At least JX = det d^X ^ a.e (with 
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d^X the differential of X in x only). So throughout this paper, only flows 
X — )■ X(t, x) which are nearly incompressible are considered 

^<JX(t,x)<C, Vt e [0, T], X G M'^. (1.3) 

If one obtains X as a limit of X„ then the most simple way of satisfying (11 .Sp 
is to have 

< JX„(t, X) <C, \fte [0, T], xe R"", (1.4) 

for some constant C independent of n. Note that both conditions are only 
required on a finite and given time interval [0, T] since one may easily extend 
X over by the semi-group relation X(t-|-T, x) = X(t, X(T, x)). Usually 
(II. 3p and (ll.4p are obtained by assuming a bounded divergence condition on 
b or bn but this is not the case here. 

It is certainly difficult to guess what is the optimal condition on b. It is 
currently thought that b G BV{R'^) is enough or (see [T2] ) 
Bressan's compactness conjecture : Let X„ be regular (C^) solutions to 
(II. 2p . satisfying (ll.4p and with sup„ Jj^^ \dbn{x) \ dx < oo. Then the sequence 
X„ is locally compact in L}{^-, T] x W^). 

From this, one would directly obtain the existence of a flow to (II. ip provided 
that b G BV{M!^) and (II. 3p holds. Instead of the full Bressan's conjecture, 
this article essentially recovers, through a different method, the result of [4] 
namely under the condition b G SBV 

Theorem 1.1 Assume that b G SBViodR'^) fl L°°{W^) with a locally finite 
jump set (for the d — 1 dimensional Hausdorff measure). Let X„ he regular 
solutions to (ll.2p . satisfying (ll.4p and such that bn ^ b belongs uniformly to 
L°°(M^) n W^'^iR'^). Then X„ zs locally compact in L^([0, T] x R"^). 

Only in dimension 2 is it possible to be more precise 

Theorem 1.2 Assume that d < 2, b E BVioc{R^)- Let X„ be regular so- 
lutions to (II. 2p . satisfying (II. 4p and sfic/i i/iai bn ^ b belongs uniformly 
to L°°{W'-) n 14^ -"^'^(M*^) wit/i inf 6„ • 5 > for any compact K and some 
B G Vr^'°°(R'^,R'^). Then X„ is locally compact m ^^([0, T] x R^). 

The proof of the first result is found in section [7] and the proof of the second 
in section [6l After notations and examples in section [2] and technical lemmas 
in section [3l particular cases are studied. In section HJ a very simple proof 
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is given if 6 G W^'^. Section O studies fll.ip in dimension 1 for which com- 
pactness holds under very general conditions (essentially nothing for b and 
a much weaker version of (11 .Sp ). The final section offers some comments on 
the unresolved issues in the full BV case. 

The question of uniqueness is deeply connected to the existence and in fact 
the proof of Theorem 11.11 may be slighty altered in order to provide it (it is 
more complicated for Th. II. 2p . Proofs are always given for the compactness 
of the sequence but it is indicated and briefly explained after the stated results 
whether they can also give uniqueness ; This is usually the case except for 
sections |5] and [61 

The well posedness of (II. ip is classically obtained by the Cauchy-Lipschitz 
theorem. This is based on the simple estimate 

\X{t,x + 6)-X{t,x)\ < |5|e*"'^*"^°°. (1.5) 

Notice that a similar bound holds if b is only log-lipschitz, leading to the 
important result of uniqueness for the 2d incompressible Euler system (see 
for instance [28] among many other references). 

The idea in this article is to get (II. 5p for almost all x. It is therefore greatly 
inspired by the recent approach developed in [18] (see also [17]) where the 
authors control the functional 

JRd r Jsd-i V / 

This allows them to get an equivalent of Th. 11.11 provided b G VT^'^ with 
p > 1 (and in fact db in LlogL would work). Here the slighty different 
functional 

f f , \X{t,x + rw)~X{t,x)\\ ^ ^ 
sup / / log 1 + - — dwdx, (1.7) 

is essentially considered. It gives a better condition b G SBV but has the one 
drawback of not implying strong differentiability for the flow at the limit. 
Other successful approaches of course exist for (II. ip . A most important step 
was achieved in [22] where the well posedness of the flow was obtained by 
proving uniqueness for the associated transport equation 

dtu^b-^u = 0, 
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under the conditions that b be of bounded divergence and in W-^'^. The cru- 
cial concept there is the one of renormahzed solutions, namely weak solutions 
u s.t. is also a solution to the same transport equation. This was ex- 

tended in [29], [27] and [26] ; also see [8] where the connection between well 
posedness for the transport equation and (11.11) is thoroughly analysed, both 
for bounded divergence fields and an equivalent to fll.3p . 
Using a slight different renormalization for the equation dtu + V ■ (bu) = 0, 
the well posedness was famously obtained in [2] under the same bounded 
divergence condition and b E BV. This last assumption b E BV was also 
considered in [15] and [16]. Still using renormalized solutions, the restriction 
of bounded divergence was weakened in [1] to an assumption equivalent to 
fll.3p : Unfortunately this required b E SBV. 

In comparison to , Theorem 11.11 is slighty weaker (due to the assumption 
of bounded jump set for 'H'^~^), except in 2d where (II. 2p is stronger (6 E BV 
instead of SBV). The main advantage of the approach presented here is that 
we work directly on the differential equation, giving for instance a very simple 
and direct theory for b E W^'^. It also provides quantitative estimates for 
\X {t, x) — X {t, X + 6)\, which is connected to the regularity of the trajectories. 
Usually using transport equations for (II. ip does not directly gives estimates 
like (II. 5p . (II. 6p or (II. 7p . Some information of this kind can still be derived, 
for instance by studying the differentiability or approximate differentiability 
of the flow as in [3], [B]. 

When an additional structure is known or assumed for b (not the case here), 
the conditions for existence or uniqueness can often be loosen. The typical 
and most frequent example is the hamiltonian case. For Vlasov equations for 
instance, uniqueness under a BV condition was obtained earlier and more 
easily in [7] ; It was even derived under slighty less than BV regularity in 
[23] . In low dimension this structure is especially useful as illustrated in [H] 
where uniqueness is obtained for Vlasov equations in dimension 2 of phase 
space for continuous force terms; In ^24j for a general hamiltonian (still in 
2d) with coefficients ; And in [13] for a continuous b in 2d but only a 
bounded divergence condition instead of a complete hamiltonian structure. 
In many of those situations an estimate like (II. 5p or its variants (II. 6p or (II. 7p 
is simply false however and the flow therefore less regular than what can be 
proved with more regularity. 

The issue of which conditions would be optimal is still open for the most 
part; Of course it should also depend on which exact property (uniqueness 
or something more precise like (II. 5p ) is looked after. Interesting counterex- 
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amples are nevertheless known to test this optimahty, from the early \T], to 
[TT] and [2T] which indicates that in the general framework BV indeed plays 
a critical role. 

Finally, there are many other ways to look for solutions to (11.11) . which are not 
so relevant here because they do not produce flows. A well known example 
is found in [23] where it is noticed that a one sided Lipschitz condition on b 
is enough to get either existence or uniqueness (depending on the side) but 
not both. This is usually not enough to define a flow but can be useful to 
deal with characteristics for hyperbolic problems (see [19j). 

Similarly if one is interested mainly in well posedness for hyperbolic problems, 
other approaches than renormalization (entropy solutions for instance) exist. 
We refer to [13] and [20]. Those do not always yield flows, especially where 
nothing is assumed on the divergence of b, but the characteristics for relevant 
physical solutions are not always flows : See for instance pTO] in connection 
with sticky particles, [3T] for the use of Filippov characteristics and [30] for 
the use of an entropy condition. 



2 Elementary considerations 

2.1 Reduction of the problem and notations 

First if 6 G L°°, \X{t,x) — x| < ||&||l°° t and as we look at (II. ip for a finite 
time, we may of course reduce ourselves to the case of a bounded domain Q 
and assume that db is compactly supported in Q. 

Next note that the time dependent problem 

dtX = b{t, X{t, x)), X(0, x) = X, 

can be reduced to (11.11) simply by adding time as a variable. This has for 
first consequence to increase the dimension by 1, which has no importance 
for Th. 11.11 but could matter in low dimension trying to use the results of 
sections [5] or [61 Second it would require that b be SBV in x and t. 

With the right result, it would be easy to get rid of this additional time 
regularity. More precisely assuming that one has a theorem like in section O 
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giving for h E BV 



sup / log 1 + 




(2.1) 



<C(||6|U) / {\dth\ + \d,h\)dtdx 



JlR'*x[0, T] 



Take e > and change variables = X{et,x), b^(t,x) = ebe{et,x) so that 



and fll.3p of course holds for X^ on the time interval [0, T/e]. Now applying 
(12. ip for X^ and letting e go to 0, one recovers at the limit an estimate 
without time derivative 



so that b G L^{[0, T], BV(M.'^)) is enough. In fact for the two theorems 
concerned by this remark in this paper (the W^'^ case in Th. 14.11 and the 
2d case in Th. 16. ip . it is easy to directly modify the proof and obtain b G 



L\[0, T], W^^\R'^)) for Th. O and 6 G L\[0, T], BV{R)) for Th. lO 



Unfortunately this is of no use for theorem 17.11 

Note moreover that taking e = 2/||6||oo one may always assume < 2 

provided b G L°°. 

Finally, adding one variable even in the time independent case, it is possible 
to have &i > 1. This will simplify some proofs and is crucial for topological 
reasons in section [61 

In summary we may work with b satisfying 



M = / \db{x)\dx < oo, supp \db\ C Q, < 2, bi{x) > 1 Vx G fi. 



The support is denoted supp, T-L"' denotes the 7 dimensional Hausdorff mea- 
sure. C will denote any universal constant (possibly depending only on the 
dimension d and Q) and its value may thus change from line to line. 



dtX, = b,{t,X,) 





(2.2) 
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2.2 A simple Id example 

As a warm up, study the usual counterexample to Cauchy-Lipschitz in Id, 
namely take 

b(x) = ^/\x\. 

There are several solutions to (11 .ip with starting point a; < 0. All solutions 
are the same for some time 

X{t, x) = -{t/2 - v^)^ t < 2v^. (2.3) 
After t = 2a/|x[ there are infinitely many possibilities, first 

X{t, x) = (t/2 - v^)^ t > 2v^, (2.4) 
and then for any to ^ [2A/|a5|) ^] 

X{t,x) = for2v^<t<to, X{t,x) = {t/2-to)^, t>to. (2.5) 

However among all those solutions there is only one which defines a flow 
(makes X invertible) and it is (12. 4p . For the point of view followed in this 
paper, this is the right one but there could be situations where it is not the 
relevant solution (for physical reasons, entropy principles...) and another 
should be chosen (typically the one corresponding to to = oo). 
Note that obviously div6 is not bounded but the solution (12. 4p is the only 
one to satisfy a weaken version of (II. 3p . namely (15. ip (see section [5] where 
the Id case is studied with a result containing this example). This shows 
that there is a selection principle hidden in (II. 3p . 

2.3 Comments on the compressibility condition (11.31 ) 

Instead of (II. 3p . many works rather use the condition that the divergence of 
b is bounded. Of course if div6 G L°° then (II. 3p holds for any solution to 
(II. ip so the question is only how more general (II. 3p is. Two examples are 
shown to try to investigate this. 

First recall that (II. 3p may be reformulated in terms of the transport equation. 
Namely as noticed and widely used in it is equivalent to the existence of 
a solution u to 

dfU + V ■ (bu) = 0, inf u{t = 0) > 0, supM(t = 0) < oo. 
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and s.t. for any t G [0, T] 

supu{t,x) <Cmfu{t = 0), Mu{t,x)>C-^snpu{t = 0). (2.6) 

In general it it very difficult to obtain such bounds without an assumption 
on the divergence. However say that b is itself computed thanks to an equa- 
tion : b{t,x) = VA{u{t,x)) where u is an already obtained solution to the 
hyperbolic problem 

dtU + V ■ {A{u)) = 0. 

Then the maximum principle for this hyperbolic equation directly gives (12. 6p . 
In this case (11.31) is more natural than a bounded divergence hypothesis. It 
is nevertheless still usually possible to use this latter assumption by adding 
the time as a dimension and considering the stationary problem. See [8] for a 
full and general analysis of the connection between transport equations and 
ODE'S. 

As a second example, consider what (11.31) implies for b where it is discontinu- 
ous. Indeed if div b & and b is discontinuous across a regular hypersurface 
H then it is well known that the normal component b-v {v being the normal 
to H) cannot jump across H . This is not true anymore with only (II. 3p . Take 
the simple case in dimension 1 

b{x) = 1 if X < 0, b{x) = 1/2 if a; > 0. 

Then solving (11.11) gives 

X{t, x) = X + t at < -X, X{t, x) = {t + x) /2 if t > -X, 
X{t,x) =x + t/2 if X > 0, 

which obviously satisfies (11.31) . So it can be seen that the condition (II. 3p 
imposes less constraint on the jumps of b. 

Note that conversely it can be shown that if 6 G BV, has a discontinuity 
along H and denoting b~ and 6"*" the two traces (see [5]) then (11.30 implies 
that 6+ ■ u and b~ ■ v have the same sign and 

6+(x) ■ v{x) > C-^ b-{x) ■ iy{x), for V.'^-^ all x e H. 

Indeed take any xq E H s.t. b^ and 6+ are approximately continuous at Xq 
(see [5]). As is regular, change variable so that around Xq, H has equation 
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Xi = (this may modify the constant C in f ll.3p which hence depends on 
H). Now consider the domain w^.r? defined by 

Ur,r] = {x, —Tj < Xi < T], \x — Xo\ < r}, 

and its border 

= {x, xi = ±T], |x - xol < r}, = {x, -T] < xi < T], |x - xol = r}. 

Choose r small enough and a sequence ?7„ by approximate continuity s.t. 

^ / - 6±(a;o)| dU'-^x) < (xo)|. 

Finally compute 

V{t) = J lx{t,x)€c.r,,,, dx, 

First by simply changing variables and using fll.Sp to get 

V{t)<C\oOr,J<Cr''-'7]n. 

And then by 

dV{t) 



, 6{X{t,x)eulJb{X{t,x))-iX'~xo)r-' 
+ j (5(X(t,x)G<,J6i(X(t,x)) 
- / 6iX{t,x) eu-JhiX{t,x)), 



where X' = (0,X2, . . . ,Xd). The first term is bounded by ||6||oo''?n- Assume 
for instance that bf{xo) > then by change of variables the second term is 
smaller than C 'H'^~^{u^^^) b^{xQ) = C r'^"^ bi (xq) . The third term is larger 
than r'^~^bi{xo)/C (if b^{x) > 0). Integrating over [0, T] and taking 7]n 
small enough leads to 

bt{xo)>C-'b^{x). 
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3 Preliminary results 



Two simple lemmas are given here, which will be used frequently in other 
proofs. 

Lemma 3.1 Assume b G BV . There exists a constant C s.t. for any x, y 
IK^) - Ky)\ <C I mz)\ (r-^, + r-^) dz, (3.1) 

JB{x,y) VF^2;| \y — ^ J 

where B{x,y) denotes the ball of center {x + y)/2 and diameter \x — y\. 

Proof. This is just an explicit computation: Change coordinates so that x = 
{—a, 0, . . .) and y = —x. Then take a path t G [0, 1/2] — )■ (—a + 2at, atr) 
for any r in the unit ball of M"~^ and take the symmetric path for t > 1/2. 
Then all those paths 7^ connect x and y so that 

\bix)-biy)\< ! \db{z)\dl{z). 

Averaging over r in the ball B{x, y) and changing coordinates get (13. ip . □ 
A slight variant of this (usefuU for the SBV case in particular) is 

Lemma 3.2 Assume b G BV and H is an hypersurface, lipschitz regular of 
R'^. There exists a constant C and a constant K (depending on H) s.t. for 
any x, y locally on the same side of H 

\b{x) - b{y)\ <C [ \db{z)\ (- ^ + ^^'j dz, (3.2) 

JBK{x,y)\H VF~^I \y ~ ^\ J 

where Bk{x, y) denotes the ball of center {x + y)/2 and diameter K \x — y\. 

Proof. This is just the same idea as before : Consider all paths 7 connecting 
X and y, of length at most K \ x — y\ and not crossing H. Average over those 
to get the result. 

Note that K must be larger than the lipschitz regularity of H: If H is locally 
given by the equation /(x) = then K > C \\df\\oo- And if K is chosen like 
that then the definition of locally on the same side can simply be: There 
exists a path 7 connecting x and y without crossing H and of length less 
than 3K/2 \x — y\. □ 
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Finally let us note that Lemma [XT] is a more precise version of the well known 
bound (used in [TB] in particular) 

\b{x) - b{y)\ <C\x-y\ {M\db\{x) + M\db\{y)), (3.3) 

where M|(i6| is the maximal function of \db\. Indeed decomposing B{x,y) 
into [J{R{x,2~^) n B{x,y)) for all n > Uq = — log2 \x — y\, with R{x,r) = 
{z, r/2 < I2; — x| < r}, one gets 

f mz) \ 

J B{x,y) \X - Z\" ' — jR{x,2-") 



-dz<J2 2('^-i)("+^) [ \db{z)\dz 

n>no JR(x,2-") 

< 2'^'^ J2 2""M|rf6(x)| dz < 2'^ |x - y\ M\db\{x), 



n>no 

recalling that 



M\db{x)\ = supr"^ / \db{z)\dz. 

r J B{x,r) 



4 The VT^'^ case 

4.1 The result 

Following [18], we define for any 5 



^ /.N f. \X{t,x)-X{t,x + 5)\\ ^ 
Qsit) = J Jog M + -j dx. 

As db belongs to L^, there exists G C°°(M+) with 

0(0/^ increasing, ¥ +00 as ^ ^ +00, (4.1) 

and such that 

(l){\db{x)\) dx < 00. (4.2) 
The main result here is the explicit estimate 

Theorem 4.1 Assume that b satisfies (11. 3p and (14.21) then there exists a 
constant C depending only on fl and a continuous function ip depending only 
on and with ^'(0/1 log^l as C, ^ such that 

Qsit) < \n\ log2 + Ctij{\5\) /(I + (pildbix)])) dx. 

Jn 



n 
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Remarks. 

1. This of course immediately implies that any sequence of solutions X„ 
to (11 ■2p is compact thus proving Bressan's conjecture in the restricted W^'^ 
case. 

2. Uniqueness : The proof is identical if one considers two different solutions 
X and Y to f ll.ip . Therefore the solution is also unique. 

Proof of Th. ICT 

Start by differentiating Qs in time 

Jn \d\ + \X-Xs\ 

where Xs stands for X{t, x + 6). As X solves (II. ip . 

Jn \d\ + \X-Xs\ 



and using lemma 13.11 one gets 

«w < {jrz^ ^ j^^) 

Now for any M decompose the integral in z into the domain Em where 
1^6(^)1 < M and the set Fm where \dh{z)\ > M 

Q's{t)<I + II, 

with 

\5\ + \X-Xs\ I k^Xp + k^xTp ) 



M 



M f I 1 



< M|(]|. 
On the other hand 



= ^ 4., "^^"^"^"^-^ H + |x-x,| l^^xp + ^^xT^^ ' 
M r ( 1 



+ (i5i + i^-x,i)(i^-x,i'^-i: ' 
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since first as 0/^ is increasing, if \db\ > M then \db\ < (f){\db\) M / (f){M) and 
second as 2 G B{X,Xs) then I2; — X| < |X — X^l and \z — Xs\ < \X — Xs\. 
Note that X and Xs play the same role and in particular the transform 
X — > Xs = X{t,x + 6) also has a bounded jacobian. Therefore we change 
variable in x, for the first term in the parenthesis from x to X and for the 
second from x to Xg to find 

M f 1 

II < , / , / (j){\dh{z)\)——. 1 rr-rzdxdz 

<2^1og(l/|5|) I <P{\db{z)\)dz, 
by integrating first in x. Combining both estimates, one obtains 
Q'sit) < (M + 2 ^ logd^r^)) 1(1 + WKzm dz. 

Defining V'd^l) = infjv/ M + 2 log(|5|~^), this concludes the proof. □ 

Note that this proof uses a sort of interpolation of db between L°° and L^. If 
instead one uses the result of [18], then it is enough to interpolate between 
L log L and and ip is then defined by 

provided that 0(^) < ^log^. This last estimate for ip is of course much 
better than the previous one, even though for well posedness (compactness 
or uniqueness), it does not matter. 

4.2 An example 

The following remark was first made by S. Bianchini. The previous proof 
shows that if 6 G W^'^ then for any flow X satisfying f ll.3p . one may bound 

\b{X{x))-b{Xix + 5))\ 
\6\ + \X~X{x + 6)\ ^^-^^ 

by o(log \6\). It is then essentially a linear estimate in the sense that in (14. 3 p 
one never uses that b and X are connected. The situation below shows that 
this simple way of controlling (14. 3 p cannot be extended further to 6 G BV. 
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The example is shown in Id but it can of course be extended to any dimension. 
Simply take for b the Heaviside step function Ia;>o- As for X, fix n and choose 

X{t, x) = x, if xe [k/n, {2k + 1) /2n] 

01 X e [-{2k + l)/2n, -k/n], l<k<n-l 

X{t, x) = -X, if X e [{2k + l)/2n, {k + l)/n] 

or X G [-{k + l)/n, -{2k + l)/2n], 1 < k < n - 1, 

X{t,x) = X otherwise. 

It is obvious that X satisfies (11. 3p (it only swaps the intervals) and choosing 
6 = l/2n 

\b{X{x))-b{X{x + 6))\ 
J , \6\ + \X-X{x + 6)\ rf^>^Z. 2nA; -^^^S''-^^^^'^'- 

To bypass this obstacle, it is necessary to use the dependance of X in terms 
of b or the fact that X{0,x) = x. In dimension 1 for example, it is not 
possible to pass continuously from X = x at t = to an X as shown here. 



5 The Id case 

The stationary equation (11.11) in only one dimension is of course a very par- 
ticular situation. In this case assumption (II. 3p is more than enough and no 
additional regularity is required (just as the divergence controls the whole 
gradient). In fact it is even too much and one only needs to assume that the 
image of a non empty interval remains non empty 

Definition 5.1 Weak compressibility : 30 G C(]R+) with 0(,^) > for 
any ^ > s.t. V/ interval, Vt G [—T, T] 

|X(t,/)|>0(/). 



Then it is quite straightforward to get 

Theorem 5.1 There exists a strictly increasing if) with ip{Q) = s.t. any X 
limit of solutions to (11.21) with bn G Wl^'^ (hut not necessarily the limit b), 
and satisfying (15. ip also satisfies 

\X{t,x + 5) - X{t,x)\ < 0(5). 
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Remarks. 

1. This is of course enough to ensure compactness and Bressan's conjecture 
in this case. 

2. The proof rehes on the topology of M. It does not give directly any 
uniqueness result and in particular, X{t, x + 5) cannot be replaced by another 
solution Y . Of course once the regularity of the solution is obtained it should 
be possible to then derive uniqueness. 

Proof. It is enough to prove that the estimate holds for a regular solution 
of (II. ip . First note that as if / C J, X(t, J) C X(t, J) then we may always 
take (f) increasing in (15. ip . 

As the solution to (11. ip is unique, the image of the interval [xi, X2] is simply 
the interval xi), X{t,X2)\- This also means that the image by the flow 
X(t, .) of the interval [X{t, x), X(t, is the interval [x, x + S\ so applying 

(JS3D 

5 > ^{\X{t,x + 5)-X{t,x)\), 
which gives the result after composition with 0^^. □ 



6 The 2-d case 



The situation in two dimension is more complicated than in one dimension 
but still very constrained by the topology. 
Let us again consider the functional 

Qsit) = j log ^1 + ^'^^^'^^ — X(t,x + (5)1 ^ dydx^ 

where 5 is a fixed vector, for example 5 = (0, r). 
In this setting it is possible to obtain the optimal 

Theorem 6.1 Let X be a regular solution to ( 11. ip satisfying (II. 3p and as- 
sume that b satisfies (12. 2p then there exists a constant C ( depending only on 
the constant in (ll.3p ) such that 

Qsit) <\n\log2 + C {t+\5\) [ \db{x)\dx. (6.1) 
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Remarks. 

1. The proof uses some ideas developped together with U. Stefanelh and C. 
DeLelhs. 

2. The assumption 61 > 1 is crucial and deeply connected to the 2d topology. 
Of course the constants 1 and 2 in (12. 2p can be changed to 61 > ci and |6| < C2 
but then the constant in (16. ip is modified by C2/C1 (just a scaling argument). 
Finally as it is always possible to decompose Q into smaller domains, this 
assumption can be optimized to assuming that there are a finite number of 
regular domains Qi with Q = [jQi and in each Qi either b ■ B > for a 
constant B which in turn would give the assumption in Th. 11.21 

3. This result is optimal as the estimate in (16. ip does not depend at all on 
S. 1 have no idea how to extend it in higher dimensions even for b G W^'^. 

4. As in the Id case this implies directly Bressan's compactness conjecture 
but not uniqueness of the flow. This uniqueness should be deduced in a 
second step using this estimate. 

Proof of Theorem (16. ip . Compute 



d nX{t,x)-X{t,x + 5)\\ \b{X{t,x))-b{X{t,x + 5))\ 
Jt °^ V H / ~ |5| + \X{t,x)-X{t,x + 6)\ 

^ \b{X{ts{t,x),x))-b{X{t,x + 6))\ \b{X{t,x))-b{X{ts{x),x))\ 
\5\ \6\ + \X{t,x)-X{t,x + 6)\' 



where ts{t,x) is defined as the unique time such that 



Xi{ts{t,x),x) = Xi{t,x + 6). 



Integrating over Q and [0, t], we find that 



Qs{t)<i + n, 



with 




(6.2) 



and 




(6.3) 



The first term may be bounded by 
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Denote by Qs{x) the set of points included between the two trajectories 
X{s, x) and X{s', x + 6) for —t < s, s' < t (note that as 61 > each trajectory 
is indeed a 1-d manifold). As 61 > 1 then dtXi{t^ x) > 1 and a hne of equation 
xi — a may cross the trajectory {X{s,x),s G M)} only once. Therefore we 
may describe like 

^six) = {{yi, 1/2) I X2{t{yi),x) < 1/2 < X2{tsit{yi),x),x + 5)}, 

where t{a) is defined as the unique t such that Xi{t{a),x) — a. 
Consequently, changing variables, we get that 



<^ f f my)\dydx, 
\<j\ Jn Jns(x) 



as the Jacobian of the transform t Xi(t, x) is at most 2. 
Changing the order of integration, we have 



I < 



\db{y)\ X \{x, y e ns{x)}\dy, 



with Q = \JxO,s{x) and therefore |Q| < C|Q| (if Q is regular). 
On the other hand 

Qsix) n Qsiixi + a,X2 + /3)) = 0, 

if \a\ > 4t + r or > r. This is one point where the two dimensional aspect 

is crucial. 

Consequently 

\{x, yens{x)}\ <2r(4i + r). 



and 



7<4(4i + r) / \dh{y)\dy. 



Let us now bound //. We first obtain 

, ;* 2 

IK 




ts{s,x) 



/o \5\ + \X{s,x)-X{s,x + 5)\ 

Next note that 

\X{s,x) -X{s,x + 6)\ > \Xi{s,x) -Xi{s,x + 6)\ 



\db{X{u, x)) \ du 



ds dx. 



\Xi{s,x) - Xi{t5{s,x),x)\ > -\s - ts{s,x)\, 
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so that 

i'ts(s,x) 

IK ' ' 




'nJo \6\ + \s -ts{s,x)\ 
By Fubini's Theorem, we get 



\db{X{u,x))\du 



ds dx. 



II < I r^'\db{X{u,x))\ f dsdudx. 




nJo Jo r + \s-tsis,x)\ 



Note that the convention [a, b] = [b, a] if a > 6 is used. 
First remark that, due to (12 ■2p 

dt{Xi{ts{t,x),x)) = dtXi{t,x + 6) e [1, 2]. 

As such 

bimts{t,x),x)) X dMt,x) e [1, 2], 
and thanks to (12. 2p again 

dMt,x) e [1/2, 2]. (6.4) 
Hence we define as ss{u,x) the unique s such that 

ts{s, x) = u. 

Assume that ss{u,x) < u (the other case is dealt with in the same manner). 
Then u G [s, ts{s,x)] iff s G [s5(m,x), u]. 
As long as M G [s, ^^(s,^)], we have that 

\s — ts{s,x)\ = \s — u\ + \ts{s,x) — u\ > max(|s — u\,\ts{s,x) — u\). 

Moreover 



|s — m| > \ss{u, x) — m| — |s — ss{u, x) 



and using (16. 4p 



\ts{s,x) -u\ = \tsis,x) - tsiss{u,x),x)\ > - ss{u,x)\. 

So we bound from below, using \s — u\ if \ts{s, x) — u\ < \ss{u, x) — u\/3 and 
\ts{s,x) — u\ otherwise 

\s - ts{s,x)\ > ^\ss{u,x) - u\. 
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Finally this gives that 







r+\s-ts{s,X)\ Jss(u,x) \s5{u,x)-u\ 



And coming back to // and using fll.3p 

II < 3 / \db{X{u,x))\dudx <3C{t+\6\) I \db{y)\dy, 



Jn Jo 

which, summing with /, exactly gives the theorem. □ 

7 The SBV case 
7.1 Presentation 

We recall the definition of SBV (see for example [5], ^.i) 

Definition 7.1 6 G SBViR"^) iff dh = m + eH'^-^\j with m e L\ J a - 
finite with respect to 'H'^~^ and 

\e\ dW^-^ < oo. 

For this restricted class of b but now in any dimension, Bressan's compactness 
conjecture holds and more precisely 

Theorem 7.1 Consider a sequence of solutions to (11. 2p satisfying (ll.4p . 
(12. 2p uniformly in n and such that bn — b E SBVCMJ^) with 1-L'^~^{J) < oo. 
Then this sequence is compact and more precisely Vt], there exists a contin- 
uous function e{5) with £:(0) = and such that Vn large enough, V5' < 5, 
Ww G S"^^^, 3a; (depending on rj, n and 5') with < rj and 

\/xEn\uj, Vt<l, \Xn{t,x) - Xn{t,x + S'w)\<e{5). (7.1) 



Remarks. 

1. Uniqueness also holds, the proof being the same. It is even easier as 
there is no need to work with a fixed scale 6' and the additional assumption 
'H'^~^{J) < oo is not required (see the more detailed comment below). 
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2. The function e{S) strongly depends on the structure of b and in particular 
on the local regularity of its jump set J (more precisely the lipschitz norm 
of (7 if J has equation g{x) = locally). Therefore this result cannot be 
extended directly to get to 6 G BV. 

Let us comment more on the assumption H'^~^{J) < 00. A natural idea 
to try to bypass it would be to truncate J into a set with finite Hausdorff 
measure and a remainder J'. This means that we are approximating b by b^ 
with \b — b-y\ < 7 and the jump set of b-y is a nice with l-U'-'^^J^) < 00 
(and in fact it is even 0(7"^)). To give an idea of why this is not directly 
working, consider step 3 in the proof. Its aim is to control the number of 
times a trajectory Xn{t,x) comes at a distance 5 of J^. For that the crucial 
estimate is 

\{x, d{x,J^) <5}\<K5H'^'\jy). 

However the constant K in this estimate depends on J^. What is true is that 
|{x, (i(x, Jy) < 5} 1/(5 is bounded, asymptotically as 5 — > 0, by T-U^'^^J^). But 
if 5 is not small enough, then the constant K can be much larger than 1 : 
Take composed of many small pieces of radius much smaller than 5 for 
example. 

So the only solution is to take 5 small enough for J^. Unfortunately we 
approximated b so in any case we cannot take scales smaller than 7 and of 
course it could very well be that 5 = 7 is still not small enough... 
On the other hand this is a problem only when considering a positive scale. 
If the aim is only uniqueness, one does not have to choose a scale and follow- 
ing the same steps, it is enough to control the number of times that X(t, x) 
crosses J^. This number is always bounded directly in terms of 'H'^^^(J-y). 
This would make the proof of uniqueness really easier and without the as- 
sumption 'H'^^^(J) < 00, in line with [3]. 

Finally, before giving the details, let us present the main ideas of the proof. 
The contributions from the jump part of dbn and from the V" part will be 
treated separately and for the V" part of course similarly as the W^'^ case 
(seeS]). So focus here only on the jump part and simply assume that 6„ is 
piecewise constant : 6„(a;) = b~ for a;i < and &„(x) = b^ for a;i > with 
b- ^ b+. 

Take the two trajectories X„(t, x) and X„(t, x + 6w). And assume that 
initially Xi < —6 (if xi > 6 then they never see the jump in Until one 
of the two Xn or Xn^s = ^nit, X + 6w) reaches the hyperplane Xi = 0, their 
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velocity is the same. Assume that X„ ,5 touches the hyperplane first and 
denote ti the first time in [0, T] when this happens. So 

Wt < ti, \Xn — Xn,s\ = 

As 61 > 1 and in particular 6"^ > 1, Xn,s will never again pass through 
{xi = 0} so that 

However 6^ > 1 also so X„ will necessarily touch the hyperplane some time 
after ti. Denote ^2 this time. After t >t2, = b'^ and so 

\Xn{t) - X^4t)\ = \Xn{t2) - XnAh)]. 

As ll&lloo < 2, this implies that for any t G [0, T] 

\Xnit) ~ Xn,5it)\ <6 + 2{t2-h). 

Finally at ti, Xn^ti) > —6 and as 6^ > 1 this means that ^2 < ^1 + ^, 
enabling us to conclude that 

|X„(t)-X„,5(t)| <5 + 25, VtG [0, T]. 

Notice that this is only one of two cases : Here the trajectories always cross 
the jump set but it could happen that they are tangent. So another interest- 
ing example occurs when : 6„(x) = b~ for X2 < 0, 6„(x) = for X2 = and 
62 = (and therefore 6^ = by the compressibility condition fll.4p . see also 
section . Now the trajectories never cross {x2 = 0} so if x and x + 6w are 
on the side of this hyperplane, Xn and Xn,s stay on the same side and hence 

\Xn — Xn,s\ = 

We have problems when they start on different sides and then there is nothing 
one can do : At time t, |X„ — Xn^s\ is of order t. However this only happens 
if X belongs to u = {—6 < X2 <(5}, which is why in the theorem we need to 
exclude some starting points. Here we would simply have 

3u} gQ with \u\<C6, Vx e \ u, Vt e [0, T], |X„ - X^^sl < S. 

In the general SBV case, the two situations may occur. So it is necessary 
to first identify the jump set, the regions where the trajectories typically 
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cross and the regions where they are almost tangent (and all that quanti- 
tatively). Next one has to exclude the starting points x which would lead 
to trajectories passing through the tangent regions, and exclude among the 
other trajectories the ones that are not typical {i.e. they do not cross as fast 
as they should). And of course a trajectory could very well cross the jump 
set several times so a bound on that number of times will be required as well. 

7.2 Proof of Theorem [731 

Step 1 : Decomposition ofdb, dbn- 

Fix rj. Through all proof K will denote constants depending on or 6 and 
C will be kept for constants depending only on d or Q. 
Decompose b as in the definition 

db = m + en'^-^\J. 

J is countably rectifiable and of finite measure. Therefore decompose J = 
H U J' with H a finite union of rectifiable sets Hi such that 

n''-\J') < r]/C. (7.2) 

By the definition of the Hausdorff measure (and as J' is countably rectifiable), 
there exists a covering J' C IJj B{xi, r^) s.t. a point of M°' belongs to at most 
C balls and with 

i 

As bn converges toward 6, and taking n > N large enough, one may decom- 
pose accordingly dbn as 

\dbn\ =mn + (Jn + r„, m„, (j„, r„ > 0, 
with for some with 4>{^)/C, — )■ +oo as ^ — t- +oo 

sup / 0(m„) dx < C, (7.3) 
n Jn 

and 

supper^ C {x, d{x,H) < 6}, (7.4) 

with finally 

supp Tn C [jB{x^,2ri). (7.5) 



22 



Denote 6„ the function equal to 6„ on Q \ D,r with — U? B{xi, 4ri) and in 
B{xi, 3ri) 

bn = bn-^ Lri, with Lr{x) = r~''^L{x/r) 

with L a function with total mass 1 and compactly supported in -8(0, 1). 
In 4rj) \ B{xj, 3rj), choose a linear interpolation between the two values 
on dB{xi,4:ri) and dB{xi,3ri). One obtains a corresponding decomposition 
of 

\dbn\ < m„Inc + (t^Iqc + r„ + — , 
with /x„ < 2 a bounded function and 

i 

By De La Vallee Poussin, there exists with = increasing and 

converging to +oo s.t. 

/ ^mn + rn + l^n/ri)dx < / ^mn)dx + C^ilj{r^^)rf-^ 
Ja Jn j 

+ C ^V'dlLlloorr'^) / \dbn\dx <oo, 

j J B{xi,Zri) 

provided (f> < (p and recalling that 

^rf~^ < oo, ^2 l^^^l dx <C \dbn\ dx. 

Denote cUr the set of x s.t. 3t G [0, T] with a;) G ^2^. Of course 

i 

and if x) G B{xi, Sri) then x) G 5rj) for s G — i + rj] 

and so 

\{x, 3t Xn{t,x) G 5(a;i,4ri)}| < - / / Ix„(t,x)6B(xi,5ri) c?^ c?a; 

n JO Jo 



C '■^ 

< — 



I I ^xeB{xi,5ri)dxdt <Crf \ 
Jo Jci 
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Hence one has 

\ur\ < r]/8. (7.6) 

Because of fl7.4p and Lemma 13.21 as long as x and y are on the same side of 
H, not in Ur and both at distance larger than 6 then 

\bniXnit,x))-bniXnit,y)) \ = 1 6„ (X„ (t , x) ) - 6„ (X„ (t , y) ) | 

JBK{x,y) VF ^1 1^/ ^1 / 

(7.7) 

with 

$(m„) dx < oo. 



S'tejj ^ .■ Decomposition of the trajectories. 

Fixw e S'^-\ For any x we decompose the time interval [0, T] into segments 
]si, ti[ such that on such an interval X„(t,x) and X„,5 = X„(t,x + 5w) are 
both on the same side of H and both at a distance larger than 6 of H. 
On the contrary on each interval [t,, Sj+i], either X„(t, x) and X^^^ = X„(t, a;+ 
5 w) are on different sides of H or one of them is at a distance less than S of 
H. 

Notice that of course and depend on x, 6, b and rj (as if depends on rj) 
and 

[0, T] = y ]si, ti[U[ti, Si+{\. 

i<n 

The transition between the two intervals (at ti as well as at Sj) is when one 
of Xn(t, x) or X„(t, X + 6w) is exactly at distance 6 of if, because for the two 
of them to be either on both side or on the same side of H, one of then has 
to cross H and thus to come first at a distance 6. 

The idea of the rest of the proof is to bound |X— X^l on ]sj, tj[ with arguments 
similar to the W^'^ case. On [ti, Sj+i], the bound will be obtained simply by 
controlling Sj+i — ti. This will be enough provided that the number of such 
intervals n (depending on x again) is not too large. 

Step 3 : Bound on the number of intervals. 

At Si and ti either X„(t, x) or Xn,s = X{t,x + Sw) is at distance 6 of H. 
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Therefore as ||6||oo < 2, on the intervals [sj — S, Si + S] and [tj — S, ti + S], 

again either X„ or Xn^s is at distance less than 35 of H. 

So if there are n such intervals for x then either Xn stays at distance less 

than 36 of if for a total time of at least nS or does. 

Now denote by the set of all x such that x) stays distance less than 

36 of if for a total time of at least n6. Obviously 



as the mesure of H is finite but depends on rj. Thus one finds 

\u^\ < K/n. 

Choose n = 1/ {8Ki]) so that except a set of measure less than rj/A (and equal 
to U (cj^ — 6w)), no trajectory is decomposed on more than n intervals. 

Step 4 ■ Control on [tj, Sj+i], definitions. 

First of all, take any z & H. Denote by b_{z) the trace of b on one side of H 
and b^{z) on the other side (again orientation is chosen locally and does not 
have to hold globally for H). For simplicity, we assume that b^{z) ■ v[z) > 
(with u the normal to H chosen according to the orientation). 
Now fix some a to be chosen later. 

As b is approximately continuous (see [5]) at 2; on either side of H one has 



where B±{z, r) is the subset of B{z, r) which is on the — or + side of H. 
It is even possible to be more precise. Take a function ^^(r) — )■ as r — )■ 
with f] < 7]/{Qn'^^^{H)). Denote for r < 1/2 




But on the other hand, changing variable 




r-'^ \{x e B±{z,r), \b{x) - b±{z)\ > a}\ 







fJ'{z,r)± = {x e B±{z,r), \b{x) - b±{z)\ > a}\, 
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and 

P'{z, r)± ^{x e n{z, r)±, d{x, H)>r fj/K}, 

with K large enough with respect to the Lipschitz constant of H. Assume 
that \iJ,{z,r)_\ > r'^fj, then necessarily \p,{z,r)^\ > For any x e 

jl{z, r)_, one has 

oi<\h{x)-h_{z)\< [ \db{ex + {i-e)z\de. 

Jo 

Integrate this inequality over fl to find 

/ / \db{ex + {l-e)z)\dxde>Car'^fi/2. 

Jo JB{z,r) s.t. d{x,H)>rf)/K 

Now denote Hj. the set of z such that |/^(2;,r)±| > r'^f]. Integrate the last 
inequality on Hj. on the right hand side and on H on the left hand side to 
obtain 

/ \dh{ex^{l-e)z)\dxdedz > Car^f0-^{Hr)/2. 

H Jo J B{z,r) s.t. d{x,H)>rfi/K 

Let US bound the integral on the left hand side. As the case 6 > 1/2 is 
easy, assume 6 < 1/2 and change variables locally around H such that H 
has equation xi = 0. The integral is then dominated by 




K f f f \db{exi,ex' + {l-e)z)\dxdedz 

JzenJo J B{z,r),xi<-rTj/K 

<2'^-^K f j' j \db{exi,z)\dxdedz, 

Jz&hJo J B(z,r),xi<-rfj/K 



with H = {Ox' + (1 — 6)z, z E H, x E B{z,r)} and denoting x = [xi, x'). 
Then changing variable from 9 to 9xi, one may finally bound by 

2''-^K I _ f \dh{e,z)\ I ^d9dz 

JzeHJ-r/2 J -r<x\<-rfi 



< — / / \dh{d,z)\dQdz. 

V JzeHJ-r/2 
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Note that this last integral converges to as r — )■ and hence conclude that 
by choosing fj large enough in terms of r, one can ensure that 



In addition from the strong convergence 6„ — > 6, take riQ s.t. > uq, 



WzeH\Hr 

r'-" \{x e 5±(^,r'), K{x) - h±{z)\ > a}\ < 877/2 <v/{m''-\H)) 

y\6\ <r' <r. 



This is the second point where n has ot be large enough in terms of 6. 
Remark eventually that one may always assume that r < a (unfortunately 
not the opposite way) and {arY < rj/C. 

Step 5 : Control on [tj, Sj+i], non-crossing trajectories. 

We start by taking apart the trajectories which do not cross H. So define 

Ho = {zi ^ Hr, b^{zi) ■ u{zi) < 2a}, and 



co^ = {x, Vt e [0, T] s.t. d{Xn{t,x),H) < ar/2, 

one has B{Xn,ar) n {H \ Hr) = 0}. 

Note that by (11. 4p (see 12.31 in the introduction), if b^{z) ■ v{z) < 2q; on a 
neighborhood of the border then 6+ • v{z) < Ka (with K function of the 
constant in (II. 3p and the Lipschitz bound on H). Therefore in the previous 
definition of Hq, one only needs to put 6_ (in any case the proof could work 
the same by essentially ignoring what occurs on the side where b ■ u > 0, 
except in a band of width 6). 
Bound first. Simply notice that if 



= {x with d{x,H) < ar/2, s.t. B{x,ar) n (H \ Hr) = 0}, 
then for X G n'^-\B{x,ar)nHr) > C a'^-^ r'^'^ and as n'^-\Hr) < r]/C 



Hr'\ < x(^')7 — as r' ^ 0, x(^') ^ v/C Vr' < r. 




then 



< arr]/C, = d{x,n^) < ar}\ < arT]/C. 
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As uj^ = {x, 3t G [0, T] X„(t,x) G n^}, and if X„(t,x) G then X„(s,x) G 
fij? for s e[t, t + ar] 

ar\uj^\< / lIx„(i,x)eQ3 rfx < C / / I^^^sdx <T arri/C, 
Jo Jn Jo JRd 

by change of variable and the bound on This imphes 

\uj^\<Tr]/C. (7.9) 
Let us now bound o;^, decompose 

2 2,1 I I 2.2 

U = W ' U U ' , 

with cu^'"'^ the subset of all x G o;^ s.t. the trajectory x) stays at least a 
time interval r/2 at a distance less than Kar of if. Notice that 

/ / MXn,H)<Kardtdx > \UJ'^''^\'^. 
Ja;2,i Jo ^ 

On the other hand by (11. 4p 

/ / ^d{X„{t,x),H)<Kardtdx < / / Id{x,H)<Kar dx dt 

Jlu^''^ Jo Jo Jr^ 

< KTarn'^-\H). 

Therefore 

Iw^'^l < r//8, 

provided that 

CT K'H'^-\H)a <ri/8. (7.10) 

There remains w^'^ which is made of those x G staying a time less than 
r/2 at a distance less than i^ar of H. Denote s.t. Xn{to,x) G -B_(2;,a;r) 
for some z (and of course the same analysis holds for the + side). 
If this is so then the average over the interval [to, to + r/2] 

2 rto+r/2 

z/(X„) ■ &„(X„(t, x)) rft > (/r - 1) a. 

to 



r 

Taking K large enough with respect to the Lipschitz bound on H, this implies 

2 rto+r/2 
r J to 
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u{z) ■bn{Xn{t,x))dt >Ka, 



and consequently 

2 fto+T/2 



r 



hn{Xn{t,x)) - h^{z)\dt >Ka. 



to 



As 1 < 61 < 2, notice that on the time interval [to, + ^ /'A then 
stays inside the ball B{z,r) and moreover the length of the path is of order 
r. Consequently, denoting o;^'^ the subset of w^'^ corresponding to the ball 
B{z,r), one has by change of variable (and again the use of (ll.4p ) 

^{x e B^{x), \bn{x) - b^{z)\ >a}>K \ul'^\, 

which finally gives cu^'^ < rjr'^/K and summing over all z = Zi 

i 

by choosing K large enough. 

Step 6 : Control on [ti, Si+i], the crossing trajectories. 

We now only have to take into account the trajectories passing through. 

Consider for example 

Hi = {z ^ Hr, b-{z) -uiz) >2a}, and 



Ix, 3te [0, T] s.t. X„(t,x) e [j B.{z,ar) \ 



The same holds if one uses b^{zi)-i'{z) < —2a in the definition and note again 
that by f ll.3p one has necessarily one or the other as the case \b± ■ i'{z)\ < 2a 
was taken care of in the previous step. 

As \Hr'\ — !■ 0, there exists an extracted sequence — )• (with ro = r) s.t. 
for any < 7 < 1 



Tfc < 00, \HrJ < 00, and so l-f^rfel < v/K^ 

k k k=o ^^_^2) 

fjivk) < 00, fi{rk) < rj/ K. 



k=0 
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For any 5, denote ks s.t. 

E ^ ^ (7.13) 

k<ks 

Of course Vkg > S but note that ks — >■ +00 as 5 — >■ 0. 

Denote n+ the set of y e [j^^^ B+{z,r) s.t. d{y,H) > 6 and = 

For any scale > C6 with A; > 1, define as the set of x s.t. 

(i) 3to e [0, T] with d{Xnito, x), H) < Vka/K, K >Q, 

(ii) one never has Xn{t,x) G f2+ for any t G [to, + ^k/S]. 

By (i) and ||6„||oo < 2, one has that Xn(t,x) remains in the same ball 
B{Xn{to,x),rk/2) for all t G [to, to + Vk/K] (for K > 4). The intersection of 
this ball with H has diameter larger than r^/S as d{Xn{to,x), H) < rkCu/G- 
Accordingly decompose cjfe = cuj. U cul with cj^ the set of x E cuk s.t. 

S(X„(to,x),rfe/2)n(//\//,J=0, 

and ul — u!k\ col- 

Start by bounding u;^. Define 

= {x, B{x, n (i/ \ Hr,) = 0}. 

Just as in the previous step 

1^^1.1 < CH''~\Hr,)rk, = {x, d{x,Ql) < rk}\ < CH''-\Hjn. 

On the other hand Xn{t,x) stays inside for all the interval [to, to + Vk/K] 
so again 

H\rk/K< [ [ l^^^,^^^^^.dxdt< I I \^^^dxdt<Cn'-'{Hr,)rk, 

Jo Jn " Jo JRd " 

which gives the desired bound 

\u;l\<Kn''-\Hj. (7.14) 

Now for ul, notice that for any x E cul there exists z G B{Xn{to,x),rk/2) n 
{H \ Hr^). Hence we may take points Zi e H \ Hr^. with 



N < KU'^-^{H)/r 



k ' 
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and such that for any x G cu^, there is Zi G -B(X„(to, a;), r^/i^). 
On the interval [to, to + fk/K]^ X„ is in VL_. Denote = {x, d{x,H) < 6}, 
decompose again col i^^^ '^l'^ ^ ^1 with oj^^^ the set of x such that X„ stays 
more than a total time A = ar^/K in . Bound 

\u/\aTk/K< [ [ hiXr.it,.),H)<5dxdt < K 5'H''-\H). 
Jo Jn 

Thus 

\col''\<K5n''-\H)/rk. (7.15) 

For X G cD^, denote by / the subset of [to, rk/K] s.t. X„(t, x) ^ ff'^. As 
never reaches fl+ and stays in at most ar^/K one has 

6„(X„(t, x)) ■ z/(X„) dt< — i5 + ark/K + 2 arfc/K) < a/3. 

rk 

Moreover for any t G [to, to + r^/K], one has |X„(t,x) — Zi\ < Tk/K and as 
V is lipschitz (at least around H) then 

bn{Xn(t, x)) ■ v{zi) dt < a/2, 

and 

\^{Xr^{t,x))-h±{z,)\>adt > 1. 

Put ul = {x e ul, X{to,x) G B{zi,rk/ K). By (17.81) and integrating along 
the trajectories (as we did many times before), we deduce that 

Summing over i, 

\Ql\<Kf^{ru). (7.16) 

Summary and conclusion of the estimate. 
Define 

a) = U U ttJ^ U Ufc Wfc, w = cD U (tD — 5w). 

By the previous computations (end of steps 1, 3, step 5 (17. 9p and (17. lip and 
step 6 dm, <UM. UM) 

\oj\<v/^ + v/^ + Tri/C + 7]/A + KY,{\Hr,\ + 5/rk + fl{ru))<lv/^. (7-17) 

k 
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by f rm]) and fTm]) . 

Now for X ^ oj, we have for any t G [sj, tj] 



As in the proof of I4.H we define 



V,(|^|) = mfAf-2/<-^log(|*|). 



And we obtain 



5 + \Xn{ti,x) 


- Xn,5iU,x)\ 


6 + \Xn{Si,x) 


- Xn,s{Si,x)\ 



< 



^4 \6\ + \Xr, - X^^sl 



T 



1 



So up to the first time ti, one has that 

|X„ - Xn,s\ < 5 exp{8ip{\S\) n/r]), 
except for X E ojfU oj with 

\uJi\ < r]/8n. 

Now by induction let us prove that up to time ti 
except for X G a; U uf with 



and 6i defined through 



6i+i = {5i + rkjK) exp{8nip{6i + rkjK)/r]), rt, = inf{rfc, avk/K > 6+6i}. 

(7.18) 

This is true for i = 1. So assume it is still true up to ti and study what 
happens on [ti, tj+i]. First of all on [tjjSj+i] : at ti assume for instance 
that d{Xn^s,H) = 6 and take ki s.t. r^. = inf {rk,ark/K > 6 + 6i}. Then 
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necessarily d{Xn{ti), H) < arkjK. As x ^ uj, by step 6, one has that 
Si+i < ti + rkjK. Therefore 

\Xn{Si) - Xn,s{Si)\ <Si + TkjK. 

Now on [sj+i, tj+i], simply write 

5i + TkjK + \Xn{ti+u - Xn,s{ti+1, x) 



f logf 



6i + TkjK + x) - Xn,5{Si+l,x) 



Therefore for i < ti+i, one has that 

\Xn - Xn,s\ < = {Si + TkjK) exp{8nip{Si + rkjK)/r]), 
except for X e a) U wf+i, with uif C ijjfj^i and 

\^t+i \ \ < v/^ri, s.t. \ujf^^\ < (i + 1) v/^n. 
Finally for any t e [0, T], one has that 

l^n — Xn,5\ < ^n, 

for any x ^ cu with cu — cu U cUn and thus 

< T). 

This concludes the proof once one notices that 5„ ^ as 5 ^ since 
^(5)/! log 51 ^0. 

Comj»actness. 

Let us just briefly indicate how to obtain the compactness from the estimate 

on Xn — Xn,S- 

Notice first that in the previous proof, n had to be taken large enough in 

terms of 5. So if for a given n, one considers S' << d instead of S, it is not 
true that |X„ — Xn^s'l niay be bounded by s{6'). Instead the best that can 
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be done is nothing as long as |X„ — Xn^s'l < ^ and bound as before once 
\Xn — Xn,si\ > S. So in the end \Xn — X^^s'l is only bounded by e{S). 
For the compactness of X„, recalling that X„ is uniformly lipschitz in time, 
we apply the usual criterion saying that Xn is compact in L^{[0, T] x fl) iff 

V7, Vw, 35 s.t. \/S' < 5, sup / / \Xn{t,x) — Xn{t,x + 6'w) \ dxdt < 7. 

n Jo Jn 

So fix 7 and w. First choose r] s.t. 

T) T max |x| < 7/4. 

Now apply the previous quantitative estimate to obtain a function e{5) (recall 
that this depends on r/). Choose Si with e{5i) < 7/(2|Q|T). This gives rii 
s.t. for any n >ni and any S < Si 

\Xn - < 6{6i) < -f/{2\n\T), ^xen\LJs with \iJs\ < V- 

Now for n < rii as X^ is regular (not uniformly in n but there are only rii 
indices n now), choose 82 s.t. for any n < rii and any S < S2 

\Xn-Xn,s\<'y/mT). 

Consequently take 5 — min(5i, ^2). For any n and any 5' < 5, ii n < rii then 
simply 

/ / \Xri{t,x) - Xn{t,x + S'w)\dxdt <T\Q\ 
Jo Jci ^ 

And if n > ni, then decompose 

/ [\Xn{t,x)-Xn{t,x + S'w)\dxdt^ [ I ...+ [ [ 

Jo Jci Jo JiOg, Jo Jd\u)g, 

<2T \(x!s'\ max \x\ + T \ fl\ sup |X„ — X^^s'l < 7- 
Hence the compactness criterion is indeed satisfied. 
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8 The BV case 



I do not know how to perform a rigourous proof in the full BV case so the 
purpose of this section is only to try to explain what can be done and where 
are the problems. Accordingly most technical details are omitted. 
The aim here is the uniqueness of the flow, which turns out to be much simpler 
than the compactness (as in the SBV case). So consider two solutions X{t, x) 
and Y(t,x) to f ll.ip . both of them satisfying fll.3p and f l2.2p . We can define 
the set of points where X and Y start being different and as both are flows 
(semi-groups) then it comes to 

F = {x I 3t„ ^ s.t. X{tn,x) ^ F(t„,x)}. 

If 'H'^^^(-F) = then everything is fine as almost no trajectory passes through 
F and uniqueness holds for a.e. initial data x. So we may assume that 
W^-^F) > 0. 

Note first that the Lebesgue measure of F is necessarily because non unique- 
ness may occur only where db ^ and this set has vanishing Lebesgue 
measure. 

On an interval [to, sq], \X{t,x) — Y{t,x)\ passes from 6 to 26 (the infimum 
is 6 and the maximum larger than 26) then by Lemma 13.11 




\db{z)\ > 1/C. 



Therefore defining 

F, = {x, d{x,F)<e}, 

one has for any e > that 

/ \db{z)\>l/C. 

It implies that some mass of db is concentrated on F (the closure of F) or 
Jp, \db{z)\ > 0. As \db\ is the distributional derivative of a BV function, it 
cannot concentrate mass on a purely unrectifiable set. Therefore if F has a 
purely unrectifiable set Fq then almost no trajectory X or Y crosses Fq. So 
we may reduce ourselves to the case where F does not contain any such set 
(by considering F \ Fq). 
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Take H C F, rectifiable and with < W^'^H) < oo. Denote z/(x) the 
normal on H and look at the part of H where the trajectories X and Y are 
not tangent 

Ho = {xe H, b{x) ■ iy{x) ^ 0}. 
If 'H'^~^{Ho) > then necessarily the set 

= {x, 3t X{t,x) e H or Y{t,x) E H} 

has non zero Lebesgue measure. Consequently, by the same arguments as 
before 

/ \db{z)\>0, 

J H 

and this implies that 1-L'^~^{J fl H) > where J is the jump set of b. This 
case was dealt with before as it is exactly the SBV situation. 
So considering F = F\J instead of F, the only remaining situation is where 
for any rectifiable H G F with 'H'^~^{H) < oo then 

H'^^^ {{x G H, b{x) ■ u{x) ^ 0}) = 0, 

or for 'H'^~^ x in F, one has z/(x) • b{x) = but still = {x, 3t X(t,x) G 
F or Y{t,x) G F} has non zero Lebesgue measure. This is the case which 
cannot be handled. Note that, rather unsurprisingly, the structure of the 
problem here is very similar to the one faced in 
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